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Abstract 
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The Jarzynski equality equates the mean of the exponential of the negative 
of the work (per fixed temperature) done by a changing Hamiltonian on a 
system, initially in thermal equilibrium at that temperature, to the ratio of 
the final to the initial equilibrium partition functions of the system at that 
fixed temperature. It thus relates two thermal equilibrium quantum states. 
Here a generalization is given that relates any two quantum states of a system. 
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For a quantum system with an initial Hamiltonian Hq that gives energy eigen- 
states \i) with energy eigenvalues that lead to positive heat capacity, at fixed 
inverse temperature (3 = l/(kT) one may define the initial partition function 

Z = tr(e-^)=J2e-^. (1) 

i 

The (mixed) thermal equilibrium state or Gibbs state (the canonical ensemble) for 
this initial Hamiltonian at this temperature is 

Po = Zo 1 tr(e-e H °)='Ep i m\, (2) 

i 

with the probability for the energy eigenstate \i) being 

Pi = Z^e-M. (3) 

Differentiating the partition function Z with respect to j3 while keeping the 
initial Hamiltonian H fixed gives 

d -§ = -tr (H e-? H °) = - £ Eie-™ = -Z^E*, (4) 

^ i i 

so the expectation value of the initial energy is 

(E ) = tr (H oPo ) = J^PiEi = (5) 
Furthermore, the initial equilibrium von Neumann entropy is 
S = -tr (p lnpo) = -'£pihip i = -^Pi(- In Z - ^E t ) = \nZ + (3{E ). (6) 

i i 

The initial equilibrium Helmholtz free energy is then 

F = (E ) - kTS = -kT\nZ = -{1/(5) \nZ . (7) 

Now suppose the system is initially in the thermal equilibrium mixed state (Gibbs 
canonical ensemble) at the given temperature T or inverse temperature (3, but then 
over some period of time the Hamiltonian changes from its initial form H to a 



final form H\ with energy eigenstates \j) having energy eigenvalues Ej. Here I 
shall assume that the system is a closed quantum system during this process, not 
able to exchange heat with any heat bath. Suppose that replacing the subscripts 
by 1 in the formulae above gives the final equilibrium partition function Zi, final 
Gibbs state pi, final equilibrium energy expectation value (Ei), final equilibrium 
entropy Si, and final Helmholtz free energy Fi. Note that these are hypothetical 
final thermal equilibrium values, and not the actual values that one would get from 
the evolution of the system while the Hamiltonian is changed from Hq to Hi. (For 
example, since I am assuming that the system is a closed quantum system, the final 
von Neumann entropy would be the same as the initial entropy S .) 
In the Heisenberg picture, let 

usi = m (8) 

be the transition amplitude from the initial Hamiltonian Hq energy eigenstate \i) 
(after its evolution by the changing Hamiltonian) to a final energy eigenstate \j) of 
the final Hamiltonian Hi, so that the actual final mixed state (not the equilibrium 
Gibbs state for the final Hamiltonian) is 

P= EPi U jK\j)(fl ( 9 ) 

Given an initial energy eigenstate the transition probability that it becomes 
the final energy eigenstate \j) is then 

Pii = \m\ 2 = UjiUi (io) 

One can readily see that the unitarity of the transition matrix gives 

i i 

so that the sum of the transition probabilities from all the initial states \i) to any 
particular final state \j) is unity. 
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Since the probability of starting in the initial eigenstate \i) is pi = Zq e~@ Ei , the 
joint probability to start in the initial energy eigenstate \i) and to end up in the 
final energy eigenstate \j) is 

Pi&cj = PiPji = Z^e-^Pjt. (12) 

The work done on the system by the changing Hamiltonian if the energy changes 
from Ei initially to Ej finally is 

W .. = E . _ (13) 

For any function of this work during the process of changing the Hamiltonian, say 
f(Wij), we can define the mean as 



/(ii; / )-X / -.v,./'nr,,). (u) 

Now Jarzynski [H El El HI E] has given the following equality (here in the case of 
a process in which the system is not in contact with a heat bath): 



e -pwij = e -m-*>) = Zx /z . (15) 

This Jarzynski equality can be easily proved from the definitions given above as 
follows: 



3 4 

= Z./Zo. (16) 
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The point of this Letter is that there is nothing in this proof of the Jarzynski 
equality that requires H and H 1 actually to be Hamiltonians, so long as the partition 
functions, free energies, energy eigenstates, transition probabilities, etc. are defined 
accordingly in terms of arbitrary Hermitian operators used in place of H and H ± . 
In particular, in place of the initial and final Gibbs states, one can use any mixed 
states 

Po = 52Pi\i){i\, Pi=^2Qj\j)(Jl ( 17 ) 

* j 

with eigenvalue sets {p{\ and {qj} that each are nonnegative real numbers that add 
up to unity, and with the corresponding orthonormal eigenstate sets being and 
One can also choose 'partition function' values Z and Z\ to be arbitrary 
real positive numbers. Then for any fixed temperature T and (3 = 1/ (kT), one can 
define Hermitian operators with the dimensions of energy that are 

H = -kT\n(Z oPo ) = -kT J2(\nZ + In Pi )\i)(i\, 

i 

Hl ee -kT\n(Z lPl ) = -kT'£OnZ 1 + ]nq j )\j){j\, (18) 

3 

so that 

po = Z Hr (e-^°) , pi = Z^tr (e~^) . (19) 

Therefore, the eigenstates of H are the eigenstates \i) of the mixed state p , and 
the corresponding eigenvalues of H are — kT (ha Z +\npj). Similarly, the eigenstates 
of Hi are the eigenstates \j) of the mixed state pi, and the corresponding eigenvalues 
of Hi are -^(ln^ + ln qj ). 

If po and/or pi have zero eigenvalues, Pi = and/or qj = 0, the resulting H 
and/or Hi will have infinite eigenvalues and hence give infinity when acting on any 
states that have nonzero amplitudes to be any of the eigenstates of zero eigenvalue of 
Po and/or pi. However, for the generalized Jarzynski equality, only the eigenstates 
of nonzero eigenvalues contribute, so there is no problem with infinities. 
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For fixed mixed states po and p±, it is simplest to choose kT = Zq = Z\ = 1. 
Then if we call the corresponding Hermitian operators h and hi, we get 

ho = -lnp = -^2lnpi\i)(i\, 

i 

h x = -ln Pl = -^lng,|j)(j|, (20) 

3 

with respective eigenvalues 

e i = -hip i , e j = -\iaq j . (21) 
Then if itjy = ej — e,, defining 

7K) = E^I0'N)I 2 /K-) (22) 

leads to the generalized Jaryzynski equality 

e^=l. (23) 

Because the ordinary Jarzynski equality refers to thermal equilibrium Gibbs 
states in canonical ensembles, which often do not exist in the presence of gravity, the 
generalized Jarzynski equality would be more applicable to gravitational systems. 

I am grateful to Bei-Lok Hu for introducing me to the Jarzynski equality and 
for many discussions about it, and I thank Rafael Sorkin for helping me arrive at 
the simple proof for it given in Eq. (|16|) . This research was supported in part by the 
Natural Sciences and Engineering Research Council of Canada. 
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